Consider a renewal process. The renewal events partition the process into independent, identically distributed renewal cycles. Assume that on each cycle, a rare event called "success" can occur. Such successes lend themselves naturally to approximation by Poisson point processes. If each success occurs after a random delay, however, Poisson convergence may be relatively slow, because each success corresponds to a time interval, not a point. In 1996, Altschul and Gish proposed a finite-size correction to a particular approximation by a Poisson point process. Their correction is now used routinely (about once a second) when computers compare biological sequences, although it lacks a mathematical foundation. This paper generalizes their correction. For a single renewal process or several renewal processes operating in parallel, this paper gives an asymptotic expansion that contains in successive terms a Poisson point approximation, a generalization of the Altschul-Gish correction, and a correction term beyond that.
Introduction and Statement of Results
Consider a random sequence 12 processes.) We assume that the renewal process is not defective, so the renewal cycles are finite with probability one. They are also probabilistically independent because of the renewals. Moreover, when restricted to events on any cycle except the 0 -th, the probability measure on 12 , ,..., ,... k X X X is invariant from cycle to cycle. We permit a delayed renewal, however, in which case the 0 -th cycle is "irregular".
With the probabilistic invariance in mind, choose any regular i -th cycle (i.e., take 0 i ). Assume that on this cycle, an event i y E having the following properties can occur.
It depends on a number y in such a way that lim 0 T . If the renewal is not delayed, then the 0 -th cycle is regular and it is subject to the same correspondence. If the renewal is delayed, however, it may be necessary to extend the correspondence to the 0 -th cycle artificially, using some arbitrary (possibly empty) event 0 y E and its related stopping time 0 T , ensuring that Notably, the abstract of a recent article placed particular emphasis on the finite-size effect, stating that any major improvement in biosequence comparison statistics probably requires a better understanding of the finite-size correction [37] . Accordingly, the present article displays the finite-size effect as the first correction in an asymptotic expansion. To this end, let :: Leaving aside the specifics of coin-tossing renewals, we now return to the general renewal process described before Theorem 1.1 and consider A independent, identically distributed copies of this process. The copies operate in parallel for (possibly) different 
(Conveniently, the final curly bracket equals 0 if the renewal is not delayed.)
Recall that the variational distance between two real random variables X and Y is Then the inequality
The coin-tossing example again provides some clarification. 
probably retaining the same form, if renewals and successes can occur at non-integer times i K and i T . Moreover, it generalizes naturally to semi-Markov renewals [13, 34] or multiple types of "success". The semi-Markov generalizations also have relevance in biological applications, e.g., to searching for specific words within DNA sequences [43, 46] . This paper does not explore the indicated generalizations, however.
Briefly, it is organized as follows. Section 2 proves Theorem 1.1 for a single renewal process. Section 3 then proves Theorem 1.2 for several independent parallel renewal processes. With Theorem 1.2 in hand, Section 4 discusses the correction Altschul and
Gish proposed for the statistics of ungapped local sequence comparison. It shows that although the proposed correction gives the proper leading term in Eq (1.4), the later terms are not always asymptotically correct.
Rare Events in a Single Renewal Process
This section considers a single renewal process and derives a finite-size correction for We now apply these results for a single renewal process to prove the Poisson approximation in Theorem 1.2 for several renewal processes operating in parallel.
Rare Events in Several Independent Renewal Processes
This section uses the Chen-Stein method to develop a Poisson approximation with finite-size correction for several independent parallel renewal processes. To prove a Poisson approximation, we turn to the elegant treatment of the Chen-Stein method [12, 45] given by Arratia, Goldstein, and Gordon [8] . In their notation, let the In addition, if Ŷ is another Poisson variable, with parameter ˆ, coupling arguments [25] show that
First, we wish to estimate 
A Bioinformatics Application
The previous section proved a Poisson approximation with finite-size correction for independent parallel renewal processes. This section applies the approximation to "BLAST statistics". Biologists often use the BLAST computer program to search protein and DNA databases [1, 5, 7] . searches often use PAM [14] or BLOSUM [28] matrices, whereas DNA searches use a simpler default matrix [44] ). This paper considers only ungapped local match scores. In its current incarnation, the BLAST computer program uses "gapped scoring", which permits gaps (non-consecutive letters) while penalizing them with "gap costs" [1, 7] . This paper does not consider gapped scores (although they suffer from finite-size effects like their ungapped cousins [37] ). It also does not consider "global scoring" [38] , which is again becoming fashionable in biological applications like protein profile matching [10, 26] .
An ungapped local match between
Conveniently, these omissions permit us to drop the repetitious qualifications "ungapped"
and "local" without ambiguity.
A BLAST search compares a query sequence A against a database of sequences B , and the statistical concern is whether random chance alone accounts for the observed value y of m ax , S B AB . In a real BLAST search, the statistical significance must account for multiple testing, low-complexity sequences, sequence lengths, and sequence compositions [3, 37, 40, 41, 49] . In the present context, we pass over these practical issues and go directly to the basic theoretical problem.
Consider two random sequences
A and B of lengths m and n [31, 32] whose letters are independently selected from fixed distributions on their respective alphabets [31, 33] .
Without loss of generality, assume mn . We shall develop asymptotic estimates for ˆ, Sy AB , where ,, m n y according to appropriate restrictions. Our asymptotic estimates are derived from renewal processes embedded in random walks [16] [17] [18] [19] [20] 34] .
To further our aims, we therefore examine a relevant class of random walks. Let [4, 7] .
We can safely identify X with the distribution of the summands ,
2), because they all have the same distribution. The BLAST application motivated the restrictions on X as follows. The restriction :0 X keeps a random match "local"
(for large lengths l in Eq (4.1), the sum eventually drifts below 0 ), whereas the restriction 00 X permits ˆ, S AB to be positive, and thus non-trivial [11, 19, 47] . Altschul and Gish [4] , we are going to ignore these correlations, but only after declaring a caveat. The correlations are known to vanish as ,, m n y in the following [20] . It remains open, however, whether they vanish faster than the finite-size correction.
Under our caveat, the following proceeds as though all summands , 
